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We have extended the Helfrich’s spontaneous curvature model [M. Iwamoto and Z. C. Ou-Yang.
Chem. Phys. Lett. 590(2013)183; Y. X. Deng, et.al., EPL. 123(2018)68002] of the equilibrium
vesicle shapes by adding the interaction between magnetic field and the constituent molecules to
explain the phenomena of the reversibly deformation of artificial stomatocyte[P. G. van Rhee, et.al.,
Nat. Commun. Sep 24;5:5010(2014)doi: 10.1038/ncomms6010.] and the anharmonic deformation
of a self-assembled nanocapsules of bola-amphiphilic molecules and the linear birefringence[O.V.
Manyuhina, et.al., Phys. Rev. Lett. 98(2007)146101.]. However, the sophistic mathematics in
differential geometry is still covered. Here, we present the derivations of formulas in detailed to
reveal the perturbation of deformation ψ under two cases.
PACS numbers: 81.40.Lm, 81.16.Fg, 83.60.Np
I. INSTRUCTION
The spontaneous curvature model[5] of the equilib-
rium shapes and deformations of lipid bilayer vesicles,
which has been proposed by Helfrich for more than
four decades, was used to successfully explain the bi-
concave discoid shape of red blood cells[6–8], so that it
is well accepted in biophysics[9]. Particularly, it pre-
dicted that the anchor rings generates circles of radii
in the ratio of 1/
√
2[10], and the ratio was precisely
confirmed by experiments in toroidal vesicles[11], phos-
pholipid membrane[12] and micelles[13]. Recently, the
curvature elasticity model has been extended to inves-
tigate shapes in soft matter, such as the helical struc-
tures in carbon nanotubes[14] and in bile ribbons[15],
cylindrical structures in the smectic-A phase[16] and in
peptide nanotubes[17], the circle-domain instability in
lipid monolayers[18] and icosahedral structures in virus
capsids[19, 20].
If a vesicle is assembled from diamagnetic amphiphilic
block-copolymers with a highly anisotropic magnetic sus-
ceptibility, we can manipulate its deformation by an
external magnetic field. For example, the artificial
stomatocyte[3] can be reversibly opened and closed by
varying an external magnetic field. The artificial stoma-
tocyte, thus, has a great potential to transport drug to a
target. On the other hand, the small deformation can be
measured by birefringence[4]. The magnetic deformation
theory had been proposed by adding the interaction be-
tween the magnetic field and the constituent molecules
into the shape energy[1, 2], the experimental data were
explained satisfactorily.
However, the sophistic mathematics in differential ge-
ometry is still covered. Here, we present the derivations
of formulas in detailed to reveal the perturbation of de-
formation ψ under two cases.
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II. FREE ENERGY OF A VESICLE IN
MAGNETIC FIELD
Physically, the shape of the vesicle is finally determined
by the equilibrium state, at which the energy of any phys-
ical system must be at its minimum, i.e. the equilibrium
energy of a vesicle must be less than that of other de-
formation induced by a slightly perturbation. Helfrich
proposed that the shape energy of a vesicle can be given
by
F1 ≡ 1
2
κc
∮
(2H + c0)
2dA+∆p
∫
dV + λ
∮
dA,(1)
where κc is the bend modulus of vesicle membrane,
H ≡ −(c1 + c2)/2 is the mean value of the two prin-
cipal curvatures(c1, c2), c0 is the spontaneous curvature,
∆p ≡ pout − pin is the difference pressure of transmem-
brane, λ is the tensile stress acting on the membrane.
Mathematically, ∆p and λ may be considered as La-
grange multipliers.
If the vesicle is assembled from diamagnetic am-
phiphilic block-copolymers with a highly anisotropic
magnetic susceptibility and is in a magnetic field, the
interaction between the magnetic field ( ~H) and the con-
stituent molecules(FB ≡ − 12∆χtµ
∮
( ~H · ~n)2dA) has to
be added into the shape energy.
F ≡ F1 + FB
=
κc
2
∮
(2H + c0)
2
dA+∆p
∫
dV + λ
∮
dA
−1
2
∆χtµ
∮ (
~H · ~n
)2
dA (2)
where t is the thickness of the membrane of vesicle, ~n is
the outward unit normal and ∆χ ≡ χq − χ⊥, in which
χ is the diamagnetic susceptibility, while χq and χ⊥ are
diamagnetic susceptibility parallel and perpendicular to
~n respectively.
2III. SHAPE EQUATION OF A VESICLE
In order to find the shape equation of the vesicle, it is
necessary to calculate the first variation of F . For small
deformation
~r = ~r0 + ψ~n, (3)
we get[21, 22]
δ(1)F1 = ∆p
∫
δ(1)(dV ) + λ
∮
δ(1)(dA)
+
κc
2
∮ [
(2H + c0)
2
δ(1)(dA) + 4 (2H + c0) δ
(1)HdA
]
=
∮ [
∆p− 2λH + κc (2H + c0)
(
2H2 − c0H − 2K
)
+2κc∇2H
]
ψ
√
gdudv, (4)
in which we used the relations[23]
δ(1)(dV ) = ψ
√
gdudv,
δ(1)(dA) = −2Hψ√gdudv,
δ(1)H = (2H2 −K + 1
2
∇2)ψ,
and K ≡ c1c2 is a Gaussian curvature, ∇2c0 = 0 due to
c0 is a constant.
The variation of FB for the situation of uniform ~H
(δ ~H = 0) is
δ(1)FB = − t∆χµ
2
δ(1)
(∮
( ~H · ~n)2dA
)
= − t∆χµ
2
∮ [(
~H · ~n
)2
δ(1)(dA)
+2
(
~H · ~n
)(
~H · δ(1)~n
)
dA
]
= − t∆χµ
2
∮ [(
~H · ~n
)2
(−2Hψ)
+ 2
(
~H · ~n
)(
~H · (−gklψl~rk))]√gdudv (5)
where δ(1)~n = −gklψl~rk[21, 22].
To calculate 2
(
~H · ~n
)(
~H · (−gklψl~rk)), we set ~U ≡
−2
(
~H · ~n
)
~H, then
2
(
~H · ~n
)(
~H · (−gklψl~rk)) = ~U · (gkl~rkψl)
= ~U · ∇′ψ = ∇′ ·
(
ψ~U
)
− ψ∇′ · ~U (6)
Furthermore, we assume ~W ≡ ψ~U = P~u + Q~v + R~n,
then∮
∇′ · ~WdA =
∮
1√
g
∂i
(√
gW i
)
dA+
∮
∇′ · (R~n) dA
=
∮
1√
g
∂i
(√
gW i
)√
gdudv
+
∮
(R∇′ · ~n+ ~n · ∇′R) dA
=
∮
(∂u (
√
gP ) + ∂v (
√
gQ)) dudv
+
∮
(R∇′ · ~n) dA
=
∮ √
gPdv +
∮ √
gQdu+
∮
R (−2H) dA
= −
∮
2HRdA
= −
∮
2H
(
~W · ~n
)
dA (7)
According to (6),
∮
2
(
~H · ~n
)(
~H · (−gklψl~rk))√gdudv =∮ (
~U · ∇′ψ
)√
gdudv, the second part in square brackets
of Eq.(5) can be simplified into:∮ (
~U · ∇′ψ
)√
gdudv
=
∮ (
∇′ ·
(
ψ~U
)
− ψ∇′ · ~U
)√
gdudv
=
∮ (
−2Hψ~U · ~n− ψ∇′ · ~U
)√
gdudv
=
∮ [
−2Hψ
(
−2
(
~H · ~n
)
~H
)
· ~n
−ψ∇′ ·
(
−2
(
~H · ~n
)
~H
)]√
gdudv
=
∮ [
4H
(
~H · ~n
)2
+2∇′ ·
((
~H · ~n
)
~H
)]
ψ
√
gdudv (8)
So the Eq.(5) becomes:
δ(1)FB = − t∆χµ
2
∮ [(
~H · ~n
)2
(−2H) + 4H
(
~H · ~n
)2
+2∇′ ·
((
~H · ~n
)
~H
)]
ψ
√
gdudv
= −t∆χµ
∮ [
H
(
~H · ~n
)2
+∇′ ·
((
~H · ~n
)
~H
)]
ψ
√
gdudv (9)
Combining Eq.(4) and Eq.(9), as well as δ(1)F = δ(1)F1+
δ(1)FB = 0, then
∆p− 2λH + κc (2H + c0)
(
2H2 − c0H − 2K
)
+ 2κc∇2H
= t∆χµ
[
H
(
~H · ~n
)2
+∇′ ·
((
~H · ~n
)
~H
)]
(10)
3This is an important formula. It gives mathematically
the condition that the energy of the vesicle has an ex-
treme value.
If the vesicle is a sphere and there is no magnetic in-
teraction, Eq.(10) will directly lead to:
∆pr30 + 2λr
2
0 − κcc0r0 (2− c0r0) = 0 (11)
For a stable vesicle, it is necessary that δ(2)F is pos-
itively definite for any ψ 6= 0, which has been discussed
in Ref[22] in detailed for the situation of ~H = 0.
IV. CALCULATION OF SMALL
DEFORMATION
For ~H 6= 0, shape equation Eq.(10) is too complex to
be analyzed. For perturbation ψ in Eq.(3), however, we
can variate the left of Eq.(10) to find the ψ in spherical
coordinates
~r0 = r0 (cosφ sin θ, sinφ sin θ, cos θ) , (12)
where, r0 is determined by Eq.(11). We define[22, 24]
∇¯2 = 1√
g
∂i
(
KLij
√
g∂j
)
∇¯2 = 1√
g
∂i
(
Hgij
√
g∂j
)
then
δH =
(
2H20 −K0
)
ψ +
1
2
gij∇iψj
=
(
2H20 −K0 +
1
2
∇2
)
ψ (13)
δK =
(
2H0K0 + ∇¯2
)
ψ (14)
δ(∇2H) = (δ∇2)H0 +∇2(δH) (15)
For convenient follow-up analysis, we designate the left
of Eq.(10) as left; while the right of that as right.
A. The variation of the left
We can variate left to find the perturbation ψ due to
right 6= 0:
δ(left) = −2δλH0 − 2λδH
+κc (2δH)
(
2H20 − c0H0 − 2K0
)
+κc (2H0 + c0) (4H0δH − c0δH − 2δK)
+2κc
(
δ∇2)H0 + 2κc∇2δH (16)
with the operates:
∇2 = 1√
g
∂i
(
gij
√
g∂j
)
(
δ∇2) = −1
2
δg
g3/2
∂i
(
gij
√
g∂j
)
+
1√
g
∂i
(
δgij
√
g∂j + g
ij δg
2
√
g
∂j
)
=
2H0
g
ψ∂i
(
gij
√
g∂j
)
+
1√
g
∂i
[(
2
(
2H0g
ij −K0Lij
)
ψ
√
g
−2gijH0√gψ
)
∂j
]
= 2H0ψ∇2
+
2√
g
∂i
[(
H0g
ij −K0Lij
)
ψ
√
g∂j
]
(
δ∇2)H0 = 2H0ψ∇2H0 + 2ψ (∇¯2 − ∇¯2)H0
+2
(
H0g
ij −K0Lij
)
ψiHj
and spherical vesicle conditions (see Appendix), the
Eq.(16) becomes
δ(left) = −2δλH0 +
[−2λ+ κc (12H20 − 4K0 − c20)](
2H20 −K0 +
1
2
∇2
)
ψ
−2κc (2H0 + c0)
(
2H0K0 + ∇¯2
)
ψ
+4κc
[
ψ
(
H0∇2 + ∇¯2 − ∇¯2
)
H0
+
(
H0g
ij −K0Lij
)
ψiHj
]
+2κc∇2
[(
2H20 −K0 +
1
2
∇2
)
ψ
]
(17)
Considering ∇¯2 = 1√g∂i
(
KLij
√
g∂j
)
= − 1r0∇2, we can
further simplify the Eq (17) into:
δ(left) =
2
r0
δλ+
[
−2λ+ κc
(
8
r20
− c20
)](
1
r20
+
1
2
∇2
)
ψ
−2κc
(
− 2
r0
+ c0
)(
− 2
r30
+ ∇¯2
)
ψ
+2κc∇2
[(
1
r20
+
1
2
∇2
)
ψ
]
(18)
B. The right
The right side of Eq.(10) is
right = t∆χµ
[
H0
(
~H · ~n
)2
+∇ ·
(
~H
(
~H · ~n
))]
=
t∆χB2
µ
[
−cos
2 θ
r0
− sin θ
r0
∂θ cos θ
]
= q1(1− 2 cos2 θ)
≡ g0Y0 + g2Y2 (19)
4where q1 ≡ t∆χB2/(µr0), Yl is a spherical harmonics,
and
g0 =
q1
√
4π
3
,
g2 = −4q1
3
√
4π
5
On the other hand, Eq.(18) also can be calculated if we
set ψ =
∑
alYl :
δ(left) =
2
r0
δλ+
∑[(
−2λ+ κc
(
8
r20
− c20
))
(
1
r20
− l(l + 1)
2r20
)
− 2κc
(
2
r0
− c0
)(
2
r30
− l(l+ 1)
r30
)
+2κc
−l(l+ 1)
r20
(
1
r20
− l(l + 1)
2r20
)]
alYl
=
2
r0
δλ−
∑ κc
r40
[
2λr20
κc
+ c20r
2
0 − 4c0r0 + 2l(l+ 1)
]
[
1− l(l + 1)
2
]
alYl (20)
V. RESULTS
Comparing Eq.(19) with Eq.(20), we can select ψ =
a0Y0 + a2Y2 according to δ(left) = right. Here, we con-
sider two cases: one is the birefringence[30], which can
be directly used to measure the small deformation of a
vesicle, another is the reversible open and closing of a
stomatocyte. The two cases lead to the same deforma-
tion, an ellipsoid.
A. Case 1: light birefringence without the
constraint of constant of surface area
If there is not the constraint of constant surface area,
that is δλ = 0, Eq.(18) = Eq.(19) will leads to:
a0 = − qr0B
2
√
4π
2λr20
κc
+ ζ2 − 4ζ
≡ ηr0B2
√
4π (21)
a2 = −
2qr0B
2
√
4π
5
2λr20
κc
+ ζ2 − 4ζ + 12
≡ −βr0B2
√
4π
5
(22)
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FIG. 1: a. The experimental data (solid lines) of birefringence
at different temperature[28] are fitted by Eq.(26)with ∆χ > 0
(dash lines). The fitted parameters β and η are listed in table
I. b. The predicted value of birefringence with the parameters
listed in table I but ∆χ < 0. insert. The deformation of the
vesicle under different B by Eq.(23) at 20oC. c. The influence
of temperature on the κc can be estimated by Eq.(27). Results
show that the influence between 30oC and 50oC is sensitive.
5TABLE I: Experimental data of birefringence at different
temperature[28] in Fig.1a are fitted by the corresponding β
and η with Eq.(26). The third low data is directly calculated
by 12/(2η/β + 1), which can be used to estimate the bend
modulus κc as shown in Fig.1c.
T(◦C) β(10−2) η(10−2) 4ζ − ζ2 − 2λr20/κc
20 1.125 3.063 1.863
30 1.500 4.019 1.887
40 2.036 4.766 2.112
50 3.450 7.151 2.332
60 4.862 9.786 2.388
where q ≡ t∆χr20/(3κcµ), ζ ≡ c0r0, η ≡ q/(4ζ − ζ2 −
2λr20/κc), and β ≡ 2q/(2λr20/κc + ζ2 − 4ζ + 12)
r1(θ) = |~r0 + ψ~n|
= r0 + a0Y0 + a2Y2
= r0
[
1 + (η − βP2(cos θ))B2
]
(23)
Helfrich also suggested that the predicted deforma-
tion could be experimentally accessed through the field-
induced birefringence of a suspension of identical vesicles,
since the normalised birefringence[1, 28, 30]
∆n
∆nmax
=
r(π/2)− r(0)
R
(24)
where ∆n = nq−n⊥, and n⊥ is the refractive index that
is always perpendicular to the optic axis (z), and nq is
the refractive index that is always parallel to the optic
axis.
We have found the size of self-assembled vesicle to
vary considerable with temperature. We therefore make
the assumption that the deformation of the vesicle takes
place without the constraint of constant surface area,
that is δλ = 0. The average radius of the ellipsoid, thus,
R =
√
A
4π
=
√
1
3
[2r1(π/2)r1(0) + r21(π/2)]
≈ r0
[
1 + ηB2
]
(25)
Thus, the normalised birefringence
∆n
∆nmax
=
1.5βB2
1 + ηB2
(26)
which can be used to fit the experimental data in Fig.1.
Furthermore, the influence of temperature on the bend
modulus can be estimated by
2λr20
κc
= 4ζ − ζ2 − 12
2η/β + 1
(27)
B. Case 2: stomatocyte with the constraint of
constant of surface area
For conservative surface area,
δA =
∮
−2Hψr20 sin θdθdφ
=
∮
2r0(a0Y0 + a2Y2) sin θdθdφ
= 4
√
πr0a0
= 0, (28)
which leads a0 = 0, and ψ = a2Y2. Eq.(18) = Eq.(19)
will leads to:
δλ =
t∆χB2
6µ
(29)
a2 = −βr0B2
√
4π
5
(30)
and
r2(θ) = r0 + a2Y2
= r0[1− βP2(cos θ)B2] (31)
A stomatocyte can be regarded as a system with two
inner tangential vesicles. The shape of the cross section
of the stomatocyte is crescent as shown in Fig.2 b(top
inserted). The outside spherical vesicle is convex, and
its curvature H = −1/ro, thus ro0 and ro correspond to
Eq.(11) and Eq.(31) respectively. The inside one, how-
ever, is concave, and its curvature H = 1/ri because
~ri/ri = −~n. Thus, we can simplify its calculation by
replacing r with −ri.
We assume that the small spherical vesicle (concave red
solid: ri0) is internally tangent to the big one (convex
blue solid: ro0) at B = 0 as shown as in Fig.1 b(top
inserted). Then, we can substitute ro0 and −ri0 to the
r0 in Eq.(11) respectively[18],
∆pr2o0 + (2λ+ κcc
2
0)ro0 − 2κcc0 = 0, (32)
∆pr2i0 − (2λ+ κcc20)ri0 − 2κcc0 = 0, (33)
and get very important relations:
∆p =
2κcc
3
0γ
ζ2o
, (34)
2λ
κc
= −c20
[
1 +
2(γ − 1)
ζo
]
, (35)
where ζo ≡ c0ro0 < 0 and γ ≡ ro0/ri0 > 1.
The two new deformation equations due to external
magnetic field can be derived from Eq.(23) respectively

ro(θo) = ro0
[
1− qP2(cos θo)B
2
6− (γ + 1)ζo
]
ri(θi) = ri0
[
1− qP2(cos θi)B
2
6γ2 + (γ + 1)ζo
] (36)
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FIG. 2: a. The mouth of the artificial stomatocyte, which
is assembled from diamagnetic amphiphilic block-copolymers
with a highly anisotropic magnetic susceptibility, can be re-
versibly opened and closed by varying a external homoge-
neous magnetic fields[3]. b. The quantitative relation be-
tween the normalized open of the stomatocyte d and B can
be calculated by Eqs (37) and (38). Here, ζo = −1.5, t = 26
nm[3], ro0 = 150 nm[3], ri0 = 120 nm, κc = 2.6× 10
−21 J[28],
∆χ ≈ −2.0 × 10−7[3, 29], and µwater ≈ 1.26 × 10
−6 N·A−2.
insert. The deformation of the artificial stomatocyte under
different magnetic induction B by Eq.(36). For comfortable
looking, we have moved the inside vesicle down and add the
edge to connect two vesicles.
The deformation of the stomatocyte with different B is
calculated with Eq.(36) as shown in Fig.2 b(bottom in-
serted)
The size of mouth of the artificial stomatocyte, that is,
the diameter d, can be determined by the equations:
d ≡ 2ro sin(θo) = 2ri sin(θi) (37)
ro cos(θo) = ri cos(θi) + ro0 − ri0. (38)
The relation between the size of mouth of the artificial
stomatocyte (d) and the external homogeneous magnetic
field (B) is calculated with Eqs. (37) and (38), and shown
in Fig.2 b.
VI. DISCUSSTION
The perturbation ψ for two cases have been derived
into Eq.(23) and Eq.(31) respectively, which can be used
to describe the small deformation of a vesicle due to the
interaction of magnetic field. This deformation can be
measured by birefringence as shown in Section VA, and
explain the reversibly open and closing of stomatocyte
as in Section VB. The fitted results shows that the in-
fluence of temperature between 30oC and 50oC on bend
modulus is sensitive as shown in Fig.1c. Our calculation
presupposes that only water can permeates transmem-
brane, and the changes of ∆p has been neglected. It
should be pointed that this method is not situated the
large deformation as shown in Fig.1.
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Appendix: spherical vesicle differential geometry
For spherical vesicle, we can use the spherical coordi-
nates.
~r ≡ r0 (cosφ sin θ, sinφ sin θ, cos θ)
~H ≡ B
µ
(0, 0, 1)
then:
~rφ = r0 (− sinφ sin θ, cosφ sin θ, 0)
~rθ = r0 (cosφ cos θ, sinφ cos θ,− sin θ)
~H · ~n = B
µ
cos θ,
~H · ~rφ = 0,
~H · ~rθ = −r0B
µ
sin θ
7gφφ =
1
r20 sin
2 θ
,
gθθ =
1
r20
,
gφθ = gθφ = 0
Lφφ = − 1
r0 sin
2 θ
,
Lθθ = − 1
r0
,
Lφθ = Lθφ = 0
H0 = − 1
r0
,
K0 =
1
r20
∇ = gij~ri∂j = 1
r20 sin
2 θ
~rφ∂φ +
1
r20
~rθ∂θ
∇⋆ = Lij~ri∂j = − 1
r0 sin
2 θ
~rφ∂φ − 1
r0
~rθ∂θ
~H · ∇ = −B
µ
sin θ
r0
∂θ,
~H · ∇⋆ = B
µ
sin θ∂θ
~H · ∇⋆ = −r0 ~H · ∇
g = r40 sin
2 θ,
L = r20 sin
2 θ,
∇2H0 = 0
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